Abstract-We deal with the pmhlem of determining handlimited signals which have the lowest spacdtime-bandwidth product. We Dmuose two aDDroaches to the urohlem: the first is based on
I. INTRODUCTION
lF(w)l = 0, v IwI > w ( 
)
We deal with real signals, f E Lz, which are treated as functions of the real variable 2 E R (i.e., the class of square integrable functions) having unit energy and centered at the origin. The independent variable z can denote either time (for dealing with time-dependent phenomena) or space (for describing space-dependent functions, like scanlines of images). In what follows, we use the terms 'space' and 'time' It is the practice to denote the space localization of a signal by its "effective spatial-width", (A, Problem 2: How close can the uncertainty pmduct of functions belonging to U get to the lower bound obtained in (4)?
The rest of the paper is organized as follows. In Sec.11 , we present the first approach to Problem 2, based on a modification of the Gaussian function. In Sec.IlI, we propose a general approach to the same problem using our earlier results [5] on the sampled signal. We conclude the paper in Sec. IV.
Similarly, the frequency localization of a signal is described by its "effective spectral-width 1 -
It is well known that f(z) and F ( w ) cannot both be of short duration. And this is made explicit (a) qualirarively by the scaling theorem,
and ( 
where
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LFrom (8) and (6). we can conclude that F ( w ) is a bandlimited function with bandlimit W + e . Also F ( w ) = 0, Vlwl = W + e, and is differentiable everywhere. In the next section, we evaluate (2) and (3) for any given Function f .
See Tables 1 and 2 for the (squared) SBP of F ( w ) for various of values U (in G(w)). The important point to be noted is that for any small value of e > 0, there are bandlimited functions of the type F ( w ) whose uncertainty product is very close to thc lower bound in (4). More precisely, there is a sequence of bandlimited functions whose (squared) SBP approaches the lower bound in (4) for a given bandwidth W and E.
In the next section, we propose a new approach (based on our earlier results [ 5 ] ) to find the optimal bandlimited signal whose SBP is the lowest.
MAIN RESULTS: SOLUTION 2
We now exploit the Fact that a bandlimited signal is completely represented by a discrete set of signal samples if the sampling is done at or above the Nyquist rate. To this end, let lem reduces to the minimization of modified function, P:
. .
where S and B are posifive defrnite symmerric, real matrices. We now find the {fi} which minimizes SBP,
,,lm--n + and E is a (positive) parameter of the interpolating function appearing in (8), and is less than the difference between W and the actual bandwidth of f(z). When t tends to 0, it can he shown, by examining (13), that
and, from (12). fi, fs, . . . , f , v ) T denote a N-dimension column vector representing a discrete sequence. We assume that this finite
Finally, we obtain an expression for p in terms off as
CTC Using (24), (27), and (28), we arrive at the following nonlinear equation which the oprimal finire length discrere sequence must satisfy: 
